In this paper, by using minimum out-degree and minimum in-degree, we give a new lower bound on the vertex-strong connectivity of an oriented graph. 
Introduction, basic notions
We work on oriented graphs, that is on digraphs G without multiple arcs and without directed cycles of length 1 or 2.
We denote by V (G) the set of the vertices of G and A(G) the arc set of G.
The order of G is the cardinality v(G) of V (G).
Two vertices x and y of G are adjacent if either (x, y) or (y, x) is an arc of G. We say that a vertex y is successor of a vertex x (resp. predecessor of x) if (x, y) (resp. (y, x)) is an arc of G. The number of the successors of x is the out-degree 
G (x), x ∈ V (G). We set (G) = min{ + (G), − (G)}.
We denote v(P ) the number m of the vertices of P, counted with their repetitions. We denote l(P ) the number m − 1 of the arcs of P, counted with their repetitions. A directed path is a directed walk with distinct vertices. A directed cycle is a directed path with identical starting and terminal vertices. A directed triangle is a directed path of length 3. We say that a vertex y is reachable from a vertex x, it there exists a directed path having x as starting vertex and y as terminal vertex (a (x, y)-directed path).
For convenience, we will use the notion of empty path that is a directed path reduced to the empty set. A sub-directed walk of a directed walk P is a sequence P of consecutive vertices of P. If P 1 , P 2 , . . . , P r are sub-directed walks such that their concatenation yields the directed walk P, we can set P = P 1 , P 2 , . . . , P r . Two (x, y)-directed paths P and Q are internally vertex-disjoint if V (P )\{x, y} and V (Q)\{x, y} are disjoint.
For a set S of vertices of G, we denote by G(S) the subdigraph of G induced by S, that is, the digraph whose vertex set is S and whose arcs are the arcs of G with both extremities in S. For a set F of arcs of G, G − F is the digraph whose vertex set is V (G) and whose arc set is A(G)\F . For a set F of couples of nonadjacent vertices, G + F is the digraph whose vertex set is G and whose arc set is A(G) ∪ F .
We say that G is vertex-strongly connected if for any distinct vertices x and y of G, y is reachable from x. As no confusion is possible, we say strongly connected instead of vertex-strongly connected. For an integer k > 0, G is k-strongly connected if for any set S of vertices of G, with 0 |S| k − 1, the digraph G − S is strongly connected. It is well known (Whitney Theorem, see [5] ) that G is k-strongly connected if and only if for any distinct vertices x and y there exist k mutually internally vertex-disjoint directed paths from x to y.
The strong connectivity of G denoted by k(G) is the maximum of the k such that G is k-strongly connected.
In a strongly connected digraph G, for distinct vertices x and y the distance d G (x, y) from x to y is the length of a shortest directed path from x to y. The diameter Diam(G) of G is the maximum of all these distances. For a vertex x, and for an integer
A tournament is an oriented graph T such that any distinct vertices x, y are adjacent.
All that is in [1] . In this paper, we deal with the strong connectivity of an oriented graph. We were not able to find in the literature interesting lower bounds, valid on any digraph, on this parameter. The only interesting result is that of Thomassen, who proves in [4] 
is the irregularity of T. As for us, we prove that in a tournament T, it holds k(T ) (2
which, in the case
The most important is that we extend this result to any oriented graph. In Section 3, as application, for
we give a pertinent lower bound on the diameter of an oriented graph G of order n with (G) n. When = 1 3 , we get Diam(G) 4, which improves a result of Broersma (see [2] ) related to Caccetta Häggkvist conjecture.
Case of tournaments Theorem 2.1. Let T be a tournament of order n. We have k(T ) (2
So, suppose that (2
Let S be a set of s vertices of T with 0 s < (2
. . , x m be a longest directed path in the tournament T − S, starting from x (so,
is not the empty set. Let y be an arbitrary vertex of R. The vertex x m is a successor of y, as otherwise P x would not be a longest path in T − S. Suppose that y admits predecessors in V (P x ), and then let i be the greatest of the j such that x j is a predecessor of y. We have i < m and x i+1 is a successor of y. Then P = x 1 , . . . , x i , y, x i+1 , . . . , x m would be a path in T − S, starting from x, of length greater than that of P x , which is not possible.
Consequently, all the vertices of P x are successors of y and this for any y ∈ R, in other words R dominates V (P x ).
There exists a vertex x i of V (P x ) such that
and as x i has no successors in R, we get
From (1) and (2), we get n + s − 2
This implies s (2
, which contradicts the condition on s.
Therefore P x = x 1 , . . . , x m is a Hamiltonian path of the tournament T − S. So, every y ∈ V (T )\S distinct from x is reachable in T − S from x and this is for any x ∈ V (T )\S, in other words T − S is strongly connected.
Consequently, we have k(T ) (2
In Let us put
We have
It follows i(T )
= max{n − 1 − 2 + (T ), n − 1 − 2 − (T )}. We have (T ) − (T ) = 2 3 ( + (T ) + − (T ) + 1 − n + i(T )). If + (T ) − (T ), we get i(T ) = n − 1 − 2 + (T ) and (T ) − (T ) = 2 3 ( − (T ) − + (T )) 0. If − (T ) + (T ), we get i(T ) = n − 1 − 2 − (T ) and (T ) − (T ) = 2 3 ( + (T ) − − (T )) 0.
Clearly, if + (T ) = − (T ), we have (T ) > (T )
and so, our lower bound is better than that of Thomassen.
General case of oriented graphs
For extending the result of Section 1 to oriented graphs, we need an intermediate result:
Lemma 3.1. Let G be an oriented graph which is not a tournament and assume that there exists a pair {a, b} of nonadjacent vertices of G such that G + (a, b) and G + (b, a) are both k-strongly connected. Then G is k-strongly connected.
Proof. Let S be a set of s vertices of G, with 0 s k − 1. Let y, z be distinct vertices of G − S. We claim that z is reachable in G − S from y.
As G + (a, b) − S is strongly connected, there exists in G + (a, b) − S a path P from y to z. As G + (b, a) − S is strongly connected, there exists in G + (b, a) − S a directed path Q from y to z. If P does not contain the arc (a, b) or if Q does not contain the arc (b, a), we are done. If it is not the case, we can write P = P 1 , a, b, P 2 and Q = Q 1 , b, a, Q 2 , where P 1 is either a path starting from y if a = y or the empty path if a = y, P 2 is either a path ending at z if b = z or the empty path if b = z, Q 1 is either a path starting from y if b = y or the empty path if b = y and Q 2 is either a path ending at z if a = z or the empty path if a = z.
Clearly, P = P 1 , a, Q 2 is a path in G − S from y to z and we are also done. As y and z are arbitrary, G − S is connected and the result is proved.
As for tournaments, for an oriented graph G of order n, we denote
Now, we can state:
Theorem 3.2. For any oriented graph G of order n, we have k(G) (G).
Proof. If (G) 0, the result is trivially true. So, suppose that (G) > 0.
We proceed by descending induction on the number m of the arcs of G. The assertion was proved for m = n(n − 1)/2, that is for tournaments. Assume that the assertion is true for m + 1, m n(n − 1)/2 − 1 and let us prove it for m, that is for an oriented digraph G satisfying (G) > 0 and having m arcs. There exists a pair {a, b} of nonadjacent vertices of G. If G = G + (a, b) and G = G + (b, a), by induction hypothesis,  G is (G )-strongly connected and G is (G )-strongly connected. It is clear that (G 
) (G ), (G) (G ) and consequently G + (a, b) and G + (b, a) are (G)-strongly connected. By Lemma 3.1, G is (G)-strongly connected, and therefore the assertion is true for m.
So, the result is proved.
For G verifying with (G) n,
, we get k(G) ((4 − 1)n + 2)/3 > 0 and therefore such an oriented graph is strongly connected.
Thus, for an oriented graph G verifying (G) n/4, we get k(G) 2 3 , hence k(G) 1 and therefore such an oriented graph is strongly connected. And for an oriented graph G verifying (G) n/3, we get k(G) (n + 6)/9. 
Proof. We proceed by induction on the number r of vertices of N
The assertion is trivially true for r = 0 (in this case P is a directed path). Suppose that the assertion is true for r − 1, r 1, and let us prove it when A contains r vertices of N
Let j be the smallest of the i ∈ {4, . . . , m − 3} such that The assertion is true for r and so the result is proved.
Theorem 4.2. Let G be an oriented graph of order n verifying (G)
n, where 
It is easy to see that there exists a vertex a of N
and then a has at least The case = 1 3 is of particular interest because it is related to Caccetta Häggkvist conjecture (see [3] ) which states that any digraph of order n and of minimum out-degree at least r, contains a directed cycle of length at most n/r . The conjecture is even still open for oriented graphs G with (G) n/3. The statement is in that case: Conjecture 4.3. Any oriented graph G of order n and verifying (G) n/3, contains a directed triangle.
In [2] , Broersma and Li prove that an oriented graph G of order n with (G) n/3 and without directed triangles (that is a counterexample to Conjecture 4.3), has diameter at most 4. We improve this result by extending it, more precisely: As (5n + 3)/(n + 6) < 5, necessarily we have Diam(G) 4.
